Differential structure of a d-dimensional lattice, which essentially is a noncommutative exterior algebra, is defined using both reductions in 1-order plus 2-order of universal differential calculus in the context of NCG developed by Dimakis et al , and the formalism adopting a Dirac-Connes operator proposed by us recently within Connes' NCG. Metric structure on this lattice and on differential forms follows in the conventional literature of NCG. Within specific matrix representations, our Dirac-Connes operator coincides with staggered Dirac operator , in the case that dimension of the lattice equals to 1, 2 and 4.
I Introduction
It has hardly been a new intuition to discuss the problem of lattice Dirac operator within the framework of noncommutative geometry(NCG), as lattices provide almost the simplest models for NCG. On one hand by adopting conventional lattice Dirac operators in lattice field theory(LFT), Bimonte et al first discovered that the induced distance by naïve Dirac operator within the formalism of Connes' NCG [1] upon a 4D-lattice is "anomalous" compared with Euclidean distance, and that Wilson-Dirac operator gives an even worse result [2] ; Göckeler and Schücker found that first-order axiom is not compatible with Dirac-Kähler operator on lattice, and that naïve Dirac operator disobeys Poincaré duality [3] . On the other hand, several new types of Dirac operators are proposed to attempt more or less to resolve the puzzle of fermion "doubling" in LFT [4] .
Feng et al employed the intuition of "half-spacing" lattice in [5] , while J. Vaz generalized Clifford algebra to be non-diagonal in spacetime [6] ; Balachandran et al studied a solution in discrete field theories based on the fuzzy sphere [7] and its Cartesian products [8] . However, such a beautiful intuition from a mathematical point of view is still staying in the stage far from giving possibly a definite understanding of one or more realistic problems in the physical world. Here we make another try.
In our recent work [9] , we formulated a Dirac-Connes operator on discrete abelian groups to bridge Dimakis et al 's NCG based on discrete differential calculus [10] and Connes' NCG based on spectral triple; when a 2D-lattice is specified as such a group, the induced metric of this operator by Connes' distance formula restores Euclidean geometry on this lattice [11] . In this contribution which is the continuation of [9] [11], we first establish differential structure of a lattice as a quotient algebra of the universal differential calculus on this lattice by a collection of first-order and second-order reductions. This differential structure is essentially a NC exterior algebra; it has a spinor representation on a Hilbert space, once a Dirac-Connes operator is introduced. Then, a metric structure of this lattice as well as a inner product of differential forms follow in the conventional NCG literature (Section II). Then we prove this lattice Dirac-Connes operator, under some specific matrix representations, reproduces staggered Dirac operator [12] in the case that dimension of the underlying lattice equals to one, two and four (Section III). Finally, we discuss the relation of our formalism and that of Takami et al [13] (Section IV).
II Noncommutative Geometry of Lattices
Some routine materials have to be included to set up our conventions. A d-dimensional lattice can be regarded as a direct-product group Z d where Z is the integer addition group. Label its elements by dtuple vectors x whose components x i , i = 1, 2, ..., d are integers. In a dual way, we take A, the algebra of complex functions on Z d , as setout. The group translations on Z d pulled back onto A is defined by
Introduce delta-functions on this lattice as e x (y) = Π i δ x i y i , which form a basis of A referred as "natural" basis sometimes. One can check that T x e y = e x−y . Now extend A into a graded universal differential algebra (Ω(A), d) by the following constructive axioms:
is a bimodule of A with Ω 0 (A) = A and the elements in Ω p (A) are referred as p-(order)forms;
and nilpotent rule d · d = 0; iv)let 1 be the unit of A, then 1 is also the unit of Ω(A). Accordingly, one can check that e x de y , x = y forms a linear basis of Ω 1 (A). Equivalently, a module basis of Ω 1 (A) which is translation-invariant can be introduced χ x = y∈Z d e y de y+x . It is easy to check the fundamental NC relation of lattice differential
Of course this differential of functions is too non-local on lattice to be physically meaningful. So we need a reduction procedure, namely introducing a set of equivalent relation on Ω(A) and considering the quotient as differential structure of this lattice. Without misleading, we will use the same symbols for the quotient.
Here begins our story. In this paper, we adopt a symmetric nearest 1-order reduction, defined by df 
Secondly, a set of 2-order reduction {χ µ , χ −ν } = 0, dχ µ = dχ −ν = 0 is put into Eq. (3), for all µ, ν = 1, 2, ..., d, while the consistency is almost obvious. Hence we reach a 2d-dimensional exterior algebra generated by 2d translation-invariant 1-forms {χ µ , χ −µ } upon complex field, i.e. constant functions, together with NC relation Eq. (1) as the differential structure on Z d .
This differential structure is able to be implemented on a free left-module H = ⊕ 2 d A equipped with a natural l 2 -space structure, by introducing a generalized Dirac operator
gamma-matrices in 2d-Euclidean space. The first step of this implementation is to extend the left-action π of A on H to a linear homomorphism of Ω(A) as left-actions on H by
However, generically d · π = π · d, obstructed by a junk-idea generated from d ker(π). In [9] , we prove that our definition of D is junk-free, since it subjects to a geometric square-root condition D 2 = 1. Then, one can check that the 1-order reduction is realized under mapping Eqs.(2)(3) to Cl(2d) relations
i.e. π(dχ µ ) = π(dχ −ν ) = 1, for all µ, ν = 1, 2, ..., d. To realize the 2-order reduction, we need only define the product of two gamma matrices to be a wedge product. Note importantly that our definition is consistent with Eq. (1), because of the abelian nature of Z d .
Metric on
In 
Inner product of two forms in Ω(A) is pulled back from the trace of operators on H
in the conventional way in Connes' geometry. One can check that the perpendicularity between forms in different order is an outcome instead of a prerequisite.
Remark 1 1) Constraint Eqs.(2)(3) are not assumptions, but inferences.
2)2-order reductions, though at the first sight appearing to be ad hoc and not so intuitive as 1-order ones, are necessary for the requirement
3)In the above construction, the choice of D is not unique, due to that only [D, π(f )] is concerned to implement Ω(A) onto H, except for junk-free condition; therefore, D ′ = D + O will does the same work if O ∈ π(A) ′ where π(A) ′ is the commutants of π(A). In the next section, we will use an alternative
III Staggered Fermions
Now, we will figure out specific representations for the Dirac operator defined in the last section when d = 1, 2, 4 and show that under these representations, our Dirac operator possesses a stagger interpretation.
Massless staggered Dirac operator on d-dimensional lattices, acting on H S = A directly, can be written as
and η µ (x) = (−) i<µ x i i referred as staggered phase. Note that our definition of staggered phase has an additional "i" to insure D S to be hermitian instead of to be anti-hermitian.
Chirality operator is defined to be ǫ(x) = (−) i x i [14] . Staggered fermion field is denoted as φ whose clas- ,1) ) † , and let "half-spacing" map be
Note that ǫ being mapped onto H equals to diag(1, −1, 1, −1). 
2
We would like to make another conjecture 
IV Discussions
Some similarity in formalism can be found in the work of Takami et al [13] . In fact, they was considering a discretized Weyl-equation on lattice in their papers. Combine a discrete time axis T to the above Z d , and define forward action of translation along T to be (T where D is the Dirac-Connes operator discussed in this paper. Λ is not hermitian, though these author showed that this lost does no harm to physics.
